Cosmological simulation of gravitational weak lensing in open models with (Ω0, λ0) = (0.2, 0) and (0.4, 0) is treated using the direct integration method, which is independent of the multi-lens-plane method. Statistical averages of optical quantities (the convergence, shear, and amplification) are derived for ray bundles passing through the clumpy universe, in which the initial state has the CDM spectrum with the power n = 1, and all particles are regarded as equivalent (compact) lens objects with a galactic size. The compact lens objects consist of galaxies and dark matter particles. The evolution of the spatial mass distribution is given by N -body simulations in a tree-code. This paper is an extension of our previous one in flat models. The behaviors of optical quantities are shown in comparison with a low-density flat model with (0.2, 0.8). It is found as a result that (1) optical quantities in the open model increase with Ω0, and (2) they are larger than those in the flat model with the same Ω0, and the difference is comparable with that between two open models with Ω0 = 0.2 and 0.4. The comparison of the optical quantities with the corresponding observed ones will give us some information on the observational value of Ω0. §1. Introduction Gravitational weak lensing is one of the most useful tools for probing the inhomogeneous distribution of mass in the universe. The small deformation in the shape of distant galaxies caused by gravitational tidal force is directly connected with the total mass distribution in the neighbourhood of light paths to galaxies. Recently theoretical and observational studies on the deformed images of distant galaxies 1) -3) have shown that in a near future the lensing information on the mass distribution brought with large telescopes will be useful to put severe constraints on dark matter, dark halos and allowed values of cosmological parameters.
§1. Introduction
Gravitational weak lensing is one of the most useful tools for probing the inhomogeneous distribution of mass in the universe. The small deformation in the shape of distant galaxies caused by gravitational tidal force is directly connected with the total mass distribution in the neighbourhood of light paths to galaxies. Recently theoretical and observational studies on the deformed images of distant galaxies 1) - 3) have shown that in a near future the lensing information on the mass distribution brought with large telescopes will be useful to put severe constraints on dark matter, dark halos and allowed values of cosmological parameters.
In a previous paper 4) we treated the statistics of gravitational weak lensing in flat cosmological models in the direct integration method, in which the ray shooting was performed by solving null-geodesic equations numerically in the intervals between an observer and sources. Here weak lensing does not mean the weakest limit of lensing, but means that we treat only rays without caustics.
In this paper we extend the treatment to the case of open models and derive the average values of optical quantities on various angular scales, in comparison with those in the flat case. The largest difference of treatments in curved cases from the flat cases is that in curved cases we can construct no model universes covered everywhere with periodic boxes, and so, for the calculation of the gravitational forces from particles, we must assume a set of periodic boxes which are closely connected only along each light ray.
In §2 we show treated model universes and the equations for ray shooting in open models, and in §3 derive the statistical averages of optical quantities. Their behaviors are shown in connection with those of the angular diameter distances. In §4 the comparison of average optical quantities with observed ones is discussed for the estimate of Ω 0 . In Appendices A the derivation of null-geodesic equations is shown in open models. §2. Model universes and the ray shooting
The background model universes are assumed to be spatially open or have the negative curvature, and the behavior of light rays passing through inhomogeneities in them is considered at the stage from an initial time t 1 (with redshift z 1 = 5) to the present time t 0 . In the Newtonian approximation, the line-element is expressed as
where K is the signature of spatial curvature (±1, 0). In the following we take K = −1. The normalized scale factor S ≡ a(t)/a(t 0 ) satisfies
where τ ≡ H 0 t and a 0 (≡ a(t 0 )) is specified by a relation (cH
The gravitational potential ϕ is described by the Poisson equation
where ρ B (= ρ B0 /S 3 ) is the background density and
where H 0 = 100hMpc −1 km s −1 . In our treatment the inhomogeneities are locally periodic in the sense that the physical situation at x is the same as that at x + ln, where the components of n(= (n 1 , n 2 , n 3 )) are integers. In an arbitrary periodic box with coordinate volume l 3 , there are N particles with the same mass m. It is assumed that the force at an arbitrary point is the sum of forces from N particles in the box whose center is the point in question, and that the forces from outside the box can be neglected. for Ω 0 = 0.2, 0.4, respectively. The particle number is 32 3 in both models, and so
The distributions of particles in these models were derived by the numerical N -body simulations using Suto's tree-code 5) during the time interval z = 0 and z = z 1 , where z 1 = 5.0 for all models. All particles in these models are regarded as equivalent (compact) lens objects with a galactic size, which consist of galaxies and dark matter.
For the compact lens objects we assume the physical softening radius a(t)x s = 20h −1 kpc.
Light propagation is described by solving the null geodesic equation with the null condition. Here let us use T ≡ 
where
The line-element is
and
The equations for light rays to be solved are
13)
where γ ≡ α(c R ) 2 and
The null condition is
The derivation of these equations is given in Appendix A. The potential φ is given as a solution of the Poisson equation. Because the ratio of the second term to the first term in the right-hand side of Eq. (2 . 3) is (R 0 H 0 /c) 2 (y) 2 [∆y/|y|] << 1 for z ≤ z 1 , the Poisson equation in a box can be approximately expressed as
where we used that F (y) ≃ 1 for y ∼ the box size and can be approximately replaced by the central value F (y c ) for y >> the box size and the suffix c denotes the central value in the box. For point sources with ρ = m n δ(aR(y − y n )) (n is the particle number), we have φ = φ 1 + φ 2 , where Then φ 1 is expressed in terms ofȳ in the usual manner as
Corresponding forces are expressed as
It should be noted that the contribution of ∂φ/∂T is negligibly small, compared with that of f i . In flat models the universe is everywhere covered with periodic boxes continuously connected as in Fig. 1 . In open models it cannot be covered in a similar way, but we can consider only a set of local periodic boxes connected along each light ray, as in Fig. 2 . In these boxes we can describe the evolution in the distribution of particles in terms of local flat coordinatesȳ, because the size of boxes is much smaller than the curvature radius.
The time evolution in the distribution of particles was derived by performing the N -body simulation in the tree-code provided by Suto. The initial particle distributions were derived using Bertschinger's software COSMICS 6) under the condition that their perturbations are given as random fields with the spectrum of cold dark matter, their power n is 1, and their normalization is specified as the dispersion σ 8 = 0.94 with the Hubble constant h = 0.7.
For the integration of the above null-geodesic equations, we calculate the potential at a finite number of points on the ray which are given at each time step (∆T ). Then particles near one of the points on the ray have a stronger influence upon the potential than particles far from any points. To avoid this unbalance in the calculation of the potential, we take an average of the potential φ 1 by integrating it analytically over the interval between one of the points and the next point. The expression for an averaged potentialφ was given in the previous paper. Moreover, to take into account the finite particle size as galaxies or clouds, we modify the above potential for point sources using the softening radii y s = a(t 1 )x s /R. The modified potential is produced by replacing (y − y n ) 2 to (y − y s ) 2 + (y s ) 2 in the potential for point sources.
The initial values ofK i are given so as to satisfy Eq. (2 . 16). The integration of Eqs. (2 . 13) and (2 . 14) with the modified potential was performed using the Adams method as in our previous papers. As the time step we assumed ∆T = [ln 6/2]/N s with /N s = 3000 (in most cases) −10000. §3. Statistical behavior of optical quantities
We treat the deformation of ray bundles over the interval from z = 0 to z = 5 measured by an observer in a periodic box. In the same way as in the previous paper 4) , we consider here the ray bundles reaching the observer in a regular form such that the rays are put in the same separation angle θ, and calculate the change in the angular positions of the rays increasing with redshift in the past direction. From this change we find the behavior of optical quantities.
Basic ray bundles consist of 5 × 5 rays which are put in the square form with the same separation angle θ = 2 − 360 arcsec. Many bundles coming from all directions in the sky are considered. Here we take 200 bundles coming from randomly chosen directions for each separation angle. In order to express angular positions of rays, we use two orthogonal vectors e i (1) and e i (2) in the plane perpendicular to the first background ray vector (K i ) B . Then the angular coordinates [X(m, n), Y (m, n)] of 25 rays relative to the first ray with (m, n) = (1, 1) at any epoch are defined by . Since all angular intervals of rays at the observer's point are the same (= θ), differentiation of angular coordinates of the rays at any epoch with respect to those at observer's points is given by the following differences:
where m and n run from 1 to 5. From the matrix A ij (m, n) we derive the optical quantities in the standard manner, 7) as the convergence (κ(m, n)), the shear (γ i (m, n), i = 1, 2), and the amplification (µ(m, n)) defined by
3)
The average optical quantities in each bundle are defined as the averages of optical quantities for all rays in the bundle as follows:
and so on. In this averaging process the contributions from smaller scales can be cancelled and smoothed-out. The above optical quantities at the separation angle θ are accordingly derived in the coarse-graining on this smoothing scale.
For the present statistical analysis we excluded the caustic cases and considered only the cases of weak lensing in the sense of no caustics. The averaging for all non-caustic ray bundles is denoted using <> as < κ 2 >, < γ 2 > and < (µ − 1) 2 >. Because κ(m, n), γ i (m, n) and µ(m, n) − 1 take positive and negative values with almost equal frequency, < κ >, < γ i > and < µ > −1 are small.
In Figs. 3 and 4 , we show the behavior of < κ 2 > and < γ 2 > for various separation angles θ = 2 arcsec − 360 arcsec (= 6 arcmin). It is found that < κ 2 > 1/2 and < γ Figs. 3 and 4) 8) and Nakamura 9) in their treatments. The differences of quantities between various cosmological models are closely connected with the differences of angular diameter distances in their models, because for the same separation angle larger angular diameter distances correspond to longer inhomogeneities with smaller amounts and so smaller deformations are brought to rays passing through them. Here let us examine the behavior of angular diameter distances to explain this situation. In weak lensing the Friedmann angular diameter distances can be used approximately to most rays, and their behaviors are shown in Fig.5 for models with (Ω 0 , λ 0 ) = (1, 0), (0.4, 0), (0.2, 0) and (0.2, 0.8). The basic equations for deriving this distances can be seen in a standard text. 7) From this figure we find that these models stand in inverse order of length of the distances, and so that in model L the distance is larger for equal redshifts and rays with the same separation angles have smaller deformations than in model O1.
In Tables I, II and III, we show for models O1, O2 and L the numerical values of < κ >, < κ 2 > 1/2 , < µ >, < (µ − 1) 2 > 1/2 , < γ 1 > and < γ 2 > 1/2 at epochs z = 1, 2, .., 5 for θ = 2 arcsec. §4.
Concluding remarks
In this paper we assumed that all low-density models (O1, O2 and L) contain only compact lens objects with the same mass and radius, and compared their optical quantities. If we assume that particles in model O2 consist of compact lens objects and clouds with same mass but larger radius and that the number of compact lens objects is equal to that in models O1 and L, the values of optical quantities in model O2 will decrease as the radius of clouds increase, just as S(b) and S(c) in the Einstein-de Sitter model S, which were shown in the previous paper. For the statistical analysis we used 200 ray bundles reaching an observer in a single inhomogeneous model universe. This number of ray bundles may be too small to cover the influences from complicated inhomogeneities in all directions. For getting more robust statistical results it may be necessary to use more ray bundles and more model universes produced with random numbers.
Here we touch recent observations of cosmological shear due to weak lensing and their relation to our results. Fort et al. 10) attempted the measurements of a coherent shear from foreground mass condensations in the fields of several luminous radio sources. Schneider et al. 11) determined the shear in the field (2 min ×2 min) containing a radio source PKS1508-05 with z = 1.2, and their result is that the shear is about 0.03 for the angular scale 1 min. If we interpret this value as an upper limit of the average shear in the general field due to weak lensing, we find from our result in Fig. 4 that Ω 0 is ∼ 0.4 at large. For its more confident estimate, more observational data of coherent shears in various fields are required. 
Appendix A Basic Equations of Null Rays
Corresponding to the line-element (2 . 10), we consider first the wave-vectors
where F is defined in Eq.(2 . 12). From the equation
we obtain 
where G(T ) is defined by Eq. (2 . 15). Transforming v to T , these equations lead to dK 0 dT + 3Ω 0 + 2(1 − Ω 0 − λ 0 )e 2(T −T 0 ) G(T ) + 2 K 0 + α ∂φ ∂y i K i = 0, (A . 5) we obtain Eqs. (2 . 13) and (2 . 14). 
